I) We exhibit a set of 23 points in the plane that has dilation at least 1.4308, improving the previous best lower bound of 1.4161 for the worst-case dilation of plane spanners.
Introduction
Given a set of points P in the Euclidean plane, a geometric graph on P is a weighted graph G = (V, E) where V = P and an edge uv ∈ E is the line segment with endpoints u, v ∈ V weighted by the Euclidean distance |uv| between them. For t ≥ 1, a geometric graph G is a t-spanner, if for every pair of vertices u, v in V , the length of the shortest path π G (u, v) between them in G is at most t times |uv|, i.e., ∀u, v ∈ V, |π G (u, v)| ≤ t|uv|. A complete geometric graph on a set of points is a 1-spanner. Where there is no necessity to specify t, we use the term geometric spanner. A geometric spanner G is plane if no two edges in G cross. In this paper we only consider plane geometric spanners. A geometric spanner of degree at most k is referred to as a degree k geometric spanner.
Given a geometric spanner G = (V, E), the vertex dilation or stretch factor of u, v ∈ V , denoted δ G (u, v), is defined as δ G (u, v) = |π G (u, v)|/|uv|. When G is clear from the context, we simply write δ(u, v). The vertex dilation or stretch factor of G, denoted δ(G), is defined as δ(G) = sup u,v∈V δ G (u, v). The terms graph theoretic dilation and spanning ratio are also used in the literature. Refer to [22, 29, 35] for such definitions.
Given a point set P , let G be the family of geometric spanners on P . The graph theoretic dilation or simply dilation of P , denoted by δ(P ), is defined as δ(P ) = inf G∈G δ(G). If G k is the family of degree k geometric spanners on P , we similarly define δ(P, k) as the degree k dilation of P , namely δ(P, k) = inf G∈G k δ(G). In the case of plane geometric spanners, we use the notations δ 0 (P ) and δ 0 (P, k). Clearly, δ 0 (P, k) ≥ δ 0 (P ) holds for any k. Furthermore, δ 0 (P, j) ≥ δ 0 (P, k) for any j < k.
In the last few decades, great progress has been made in the field of geometric spanners; for an overview refer to [25, 35] . Common goals include constructions of low stretch factor geometric spanners that have few edges, bounded degree and so on. A survey of open problems in this area along with existing results can be found in [11] . Geometric spanners find their applications in the areas of robotics, computer networks, distributed systems and many others. Refer to [1, 2, 4, 13, 23, 32] for various algorithmic results.
The existence of plane t-spanners for some constant t > 1 (with no restriction on degree) was first investigated by Chew [15] in the 80s. He showed that it is always possible to construct a plane 2-spanner with O(n) edges on a set of n points; he also observed that every plane geometric graph embedded on the 4 points placed at the vertices of a square has stretch factor at least √ 2. This was the best lower bound on the worst-case dilation of plane spanners for almost 20 years until it was shown by Mulzer [34] using a computer program that every triangulation of a regular 21-gon has stretch factor at least (2 sin π 21 + sin 5π 21 + sin 3π 21 )/ sin 10π 21 = 1.4161 . . . Henceforth, it was posed as an open problem by Bose and Smid [11, Open Problem 1] (as well as by Kanj in his survey [26, Open Problem 5] ): "What is the best lower bound on the spanning ratio of plane geometric graphs? Specifically, is there a t > √ 2.005367532 ≈ 1.41611 . . . and a point set P , such that every triangulation of P has spanning ratio at least t? ". We give a positive answer to the second question by showing that a set S of 23 points placed at the vertices of a regular 23-gon, has dilation δ 0 (S) ≥ (2 sin 2π 23 + sin 8π 23 )/ sin 11π 23 = 1.4308 . . . The problem can be traced back to a survey written by Eppstein [24, Open Problem 9] : "What is the worst case dilation of the minimum dilation triangulation? ". The point set S also provides a partial answer for this question. From the other direction, the current best upper bound of 1.998 was proved by Xia [37] using Delaunay triangulations. Note that this bound is only slightly better than the bound of 2 obtained by Chew [15] in the 1980s. For previous results on the upper bound refer to [16, 18, 19, 29] .
The design of low degree plane spanners is of great interest to geometers. Bose et al. [9] were the first to show that there always exists a plane t-spanner of degree at most 27 on any set of points in the Euclidean plane where t ≈ 10.02. The result was subsequently improved in [5, 6, 7, 12, 27, 33] in terms of degree. Recently, Kanj et al. [28] showed that t = 20 can be achieved with degree 4. However, the question whether the degree can be reduced to 3 remains open at the time of this writing. If one does not insist on having a plane spanner, Das et al. [17] showed that degree 3 is achievable. While numerous papers have focused on upper bounds on the dilation of bounded degree plane spanners, not much is known about lower bounds. In this paper, we explore this direction and provide new lower bounds for unrestricted degrees and when degrees 3 and 4 are imposed.
A greedy triangulation of a finite point set P is constructed in the following way: starting with an empty set of edges E, repeatedly add edges to E in non-decreasing order of length as long as edges in E are noncrossing. Bose et al. [10] have showed that the greedy triangulation is a t-spanner, where t = 8(π − α) 2 /(α 2 sin 2 (α/4)) ≈ 11739.1 and α = π/6. Here we obtain a worst-case lower bound of 2.0268; in light of computational experiments we carried out, we believe that the aforementioned upper bound is very far from the truth.
Related work. If S n is the set of n vertices of a regular n-gon, Mulzer [34] showed that 1.3836 . . . = 2 − √ 3 + √ 3/2 ≤ δ 0 (S n ) ≤ 0.471π/ sin 0.471π = 1.4858 . . ., for every n ≥ 74; the upper bound holds for every n ≥ 3. Amarnadh and Mitra [3] have shown that in the case of a cyclic polygon (a polygon whose vertices are co-circular), the stretch factor of any fan triangulation (i.e., with a vertex of degree n − 1) is ≤ 1.4846.
As mentioned earlier, low degree plane spanners for general point sets have been studied in [5, 7, 9, 12, 27, 33] . The construction of low degree plane spanners for the infinite square and hexagonal lattices has been recently investigated in [21] .
Bose et al. [8] presented a finite convex point set for which there is a Delaunay triangulation whose stretch factor is at least 1.581 > π/2, thereby disproving a widely believed π/2 upper bound conjectured by Chew [15] . They also showed that this lower bound can be slightly raised to 1.5846 if the point set need not be convex. This lower bound for non-convex point sets has been further improved to 1.5932 by Xia and Zhang [38] .
Klein et al. [30] proved the following interesting structural result. Let S be a finite set of points in the plane. Then either S is a subset of one of the well-known sets of points whose triangulation is unique and has dilation 1, or there exists a number ∆(S) > 1 such that each finite plane graph containing S among its vertices has dilation at least ∆(S).
Cheong et al. [14] showed that for every n ≥ 5, there are sets of n points in the plane that do not have a minimum-dilation spanning tree without edge crossings and that 5 is minimal with this property. They also showed that given a set S of n points with integer coordinates in the plane and a rational dilation t > 1, it is NP-hard to decide whether a spanning tree of S with dilation at most t exists, regardless if edge crossings are allowed or not.
Knauer and Mulzer [31] showed that for each edge e of a minimum dilation triangulation of a point set, at least one of the two half-disks of diameter about 0.2|e| on each side of e and centered at the midpoint of e must be empty of points 1 .
When the stretch factor (or dilation) is measured over all pairs of points on edges or vertices of a plane graph G (rather than only over pairs of vertices) one arrives at the concept of geometric dilation of G; see [20, 22] .
Our results. (I) Let S be a set of 23 points placed at the vertices of a regular 23-gon. Then, δ 0 (S) = (2 sin 2π 23 + sin 8π 23 )/ sin 11π 23 = 1.4308 . . . (Theorem 1, Section 2). This improves the previous bound of (2 sin π 21 + sin 5π 21 + sin 3π 21 )/ sin 10π 21 = 1.4161 . . ., due to Mulzer [34] , on the worst case dilation of plane spanners.
(II) (a) For every n ≥ 13, there exists a set S of n points such that δ 0 (S, 3) ≥ 1 + √ 3 = 2.7321 . . . (Theorem 2, Section 3). (b) For every n ≥ 6, there exists a set S of n points such that δ 0 (S, 4) ≥ 1 + (5 − √ 5)/2 = 2.1755 . . . (Theorem 3, Section 3). The previous best lower bound of (2 sin π 21 + sin 5π 21 + sin 3π 21 )/ sin 10π 21 = 1.4161 . . ., due to Mulzer [34] holds for any degree. Here we sharpen it for degrees 3 and 4.
(III) For every n ≥ 6, there exists a set S of n points such that the stretch factor of the greedy triangulation of S is at least 2.0268.
Notations and assumptions. Let P be a planar point set and G = (V, E) be a plane geometric graph on vertex set P . For p, q ∈ P , pq denotes the connecting segment and |pq| denotes its Euclidean length. The degree of a vertex (point) p ∈ P is denoted by deg(p). For a specific point set P = {p 1 , . . . , p n }, we denote a path in G consisting of vertices in the order p i , p j , p k , . . . using ρ(i, j, k, . . .) and by |ρ(i, j, k, . . .)| its total Euclidean length. The graphs we construct have the property that no edge contains a point of P in its interior.
A new lower bound on the dilation of plane spanners
In this section, we show that the set S = {s 0 , . . . , s 22 } of 23 points placed at the vertices of a regular 23-gon has dilation δ 0 (S) ≥ (2 sin 2π 23 + sin 8π 23 )/ sin 11π 23 = 1.4308 . . . (see Fig. 1 ). Assume that the points lie on a circle of unit radius. We first present a theoretical proof showing that δ 0 (S) ≥ (sin 2π 23 + sin 4π 23 + sin 5π 23 )/ sin 11π 23 = 1.4237 . . .; we then raise the bound to δ 0 (S) ≥ (2 sin 2π 23 + sin 8π 23 )/ sin 11π 23 = 1.4308 . . . using a computer program. The result obtained by the program is tight as there exists a triangulation of S (see Fig. 1 (right)) with stretch factor exactly (2 sin 2π 23 + sin 8π 23 )/ sin 11π 23 = 1.4308 . . .
Define the convex hull length of a chord s i s j ∈ S as µ(i, j) = min(|i−j|, 23−|i−j|). Observe that 1 ≤ µ(i, j) ≤ 11. Since triangulations are maximal planar graphs, we only consider triangulations of S while computing δ 0 (S); in particular, every edge of the convex hull of S is present. Note that there are C 21 = 24, 466, 267, 020 triangulations of S. Here C n = 1 n+1 2n n is the n th Catalan number and there are C n ways to triangulate a convex polygon with n + 2 vertices.
If s i , s j ∈ S, then |s i s j | = 2 sin µ(i,j)π 23 . Consider a shortest path connecting s i , s j ∈ S consisting of k edges with convex hull lengths n 1 , . . . , n k ; its length is |ρ(i, . . . , j)| = 2 k h=1 sin n h π 23 . Let λ = µ(i, j) and
We will use λ = 11 in all subsequent proofs of this section and therefore we set f (n 1 , . . . , n k ) := g(11, n 1 , . . . , n k ).
Various values of f , as given by (1) and (2), will be repeatedly used in lower-bounding the stretch factor of point pairs in specific configurations, i.e., when some edges are assumed to be present. Observe that f is a symmetric function that can be easily computed (tabulated) at each tuple n 1 , . . . , n k ; see Table 1 Table 1 : Relevant values of f (n 1 , . . . , n k ) as required by the proofs in this section. Values used explicitly in the proofs are marked using O.
Proof. We clearly have ≥ 2. Since S is symmetric, we can assume that s 0 s is the longest chord. Since µ(i, j) ≤ 11 for any 0 ≤ i, j ≤ 22, we have ≤ 11. Suppose for contradiction that 2 ≤ ≤ 7. Then s 0 s is an edge of some triangle ∆s 0 s s m , where + 1 ≤ m ≤ 22. In particular, For each such triangle, we show that if the edges of the triangle along with the convex hull edges of S are present, then in any resulting triangulation there is a pair whose stretch factor is at least f (2, 4, 5) = 1.4237 . . . Essentially, the long chords act as obstacles which contribute to long detours for some point pairs. In four subsequent lemmas, we consider the convex hull lengths 8, 9, 10, 11 (from Lemma 1) successively.
In some arguments, we consider a primary pair s i , s j , and possible shortest paths between the two vertices. We show that if certain intermediate vertices are present in π(s i , s j ), then δ(s i , s j ) ≥ f (2, 4, 5) . Otherwise if certain long edges are present in π(s i , s j ), then δ(s u , s v ) ≥ f (2, 4, 5), where s u , s v is a secondary pair. In the figures, wherever required, we use circles and squares to mark the primary and secondary pairs, respectively (see for instance Fig. 2 ). In some of the cases, a primary pair suffices in the argument, i.e., no secondary pair is needed. In this proof, the primary pair is s 10 , s 21 and the secondary pair is s 3 , s 14 . Now, consider the pair s 10 , s 21 . Note that either s 0 ∈ π(s 10 , s 21 ) or s 16 ∈ π(s 10 , s 21 ). In the former case, δ(s 10 , s 21 ) ≥ |ρ(10, 8, 0, 21)|/|s 10 s 21 | ≥ f (2, 8, 2) = 1.4308 . . . We may thus assume that s 16 ∈ π(s 10 , s 21 Proof. Let s 0 s 9 be the longest chord and consider the triangle with base s 0 s 9 and the third vertex in lower(s 0 s 9 ). There are three possible cases depending on the convex hull lengths of other two sides of the triangle: {7, 7}, {8, 6} or {9, 5}. We consider them successively. Case A: The convex hull lengths of the other two sides are {7, 7}. Let ∆s 0 s 9 s 16 be the required triangle; refer to Fig. 3 . In this case, the primary pair is s 3 , s 14 and the secondary pair is s 6 , s 18 . Either s 0 ∈ π(s 3 , s 14 ) or s 9 ∈ π(s 3 , s 14 ). If s 0 ∈ π(s 3 , s 14 ), then δ(s 3 , s 14 ) ≥ |ρ(3, 0, 16, 14)|/|s 3 s 14 | ≥ f (3, 7, 2) = 1.4886 . . . Thus, we assume that s 9 ∈ π(s 3 , s 14 ).
Similarly, for the pair s 6 , s 18 , either s 9 ∈ π(s 6 , s 18 ) or s 0 ∈ π(s 6 , s 18 ). If s 9 ∈ π(s 6 , s 18 ) then δ(s 6 , s 18 ) ≥ |ρ (6, 9, 16, 18) Similarly, for the pair s 6 , s 18 , either s 9 ∈ π(s 6 , s 18 ) or s 0 ∈ π(s 6 , s 18 ). If s 9 ∈ π(s 6 , s 18 ) then δ(s 6 , s 18 ) ≥ |ρ (6, 9, 17, 18) |/|s 6 s 18 | ≥ f (3, 8, 1) = 1.4257 . . . Thus, we assume that s 0 ∈ π(s 6 , s 18 ). Now, it can be checked that by the same analysis as in Case A, the same lower bound of f (2, 4, 5) holds. If at least one of s 2 , s 3 , s 4 , or s 5 is in π(s 6 , s 18 Proof. By Lemmas 2-5, we conclude that δ 0 (S) ≥ f (2, 4, 5) = (sin 2π 23 + sin 4π 23 + sin 5π 23 )/ sin 11π 23 = 1.4237 . . . On the other hand, the triangulation of S in Fig. 1 (right) has stretch factor f (2, 2, 8) = (2 sin 2π 23 + sin 8π 23 )/ sin 11π 23 = 1.4308 . . . and thus f (2, 4, 5) = 1.4237 . . . ≤ δ 0 (S) ≤ f (2, 2, 8) = 1.4308 . . .
Using a parallel C++ program (see Appendix) that generates all triangulations of S based on a low memory algorithm by Parvez et al. [36, Section 4] shows that each of the C 21 triangulations has stretch factor at least f (2, 2, 8) . We thereby obtain the following final result: δ 0 (S) = f (2, 2, 8) = (2 sin 2π 23 + sin 8π 23 )/ sin 11π 23 = 1.4308 . . .
Remarks.
Using the program we have also checked that the next largest stretch factor among all triangulations is f (3, 3, 5) = 1.4312 . . ., and further that there is no triangulation of S that has stretch-factor < 1.4312 other than f (2, 2, 8) . Thus, the result in Theorem 1 is not affected by floating-point precision errors. Let S n denote the set of points placed at the vertices of a regular n-gon. Using a computer program, Mulzer obtained the values δ 0 (S n ) for 4 ≤ n ≤ 21 in his thesis [34, Chapter 3] . Using our C++ program, we confirmed the previous values and extended the range up to n = 24: δ 0 (S 22 ) = 1.4047 . . ., δ 0 (S 24 ) = 1.4013 . . . and somewhat surprisingly, δ 0 (S 23 ) = 1.4308 . . . By upper bound constructions, it follows that δ 0 (S 25 ) < 1.4296 and δ 0 (S 26 ) < 1.4202; see Fig. 9 . Observe that δ 0 (S n ) does not exhibit a monotonic behavior; see Table 2 . We can also assume that the edge p 0 p 1 is present since p 0 must be connected to at least one of the points in P 1 . Observe that now deg(p 1 ) = 3. In this case,
Now assume that an edge in E, say p 1 p 3 , is missing. Then, the following three cases arise depending on deg(p 0 ) ∈ {1, 2, 3}.
Case A: If deg(p 0 ) = 1, then
Case B: If deg(p 0 ) = 2, consider the edges p 0 p 1 , p 0 p 3 ; see Fig. 11 (right). If p 0 p 1 , p 0 p 3 are present δ(p 0 , p 7 ) ≥ |ρ(0, 3, 7)|/|p 0 p 7 | = 1 + √ 3 else if at least one edge in {p 0 p 1 , p 0 p 3 } is absent then since p 1 p 3 is absent, δ(p 1 , p 3 ) ≥ 1 + √ 3 by the same analysis as in Case A.
Case C: If deg(p 0 ) = 3, then if at least one of the edges p 0 p 1 , p 0 p 3 is absent, δ(p 1 , p 3 ) ≥ 1+ √ 3 as shown in Case A. Thus, assume that p 0 p 1 , p 0 p 3 are present. Now, the following two non-symmetric cases will arise. Either p 0 p 5 is present or p 0 p 7 is present. If p 0 p 5 is present (refer to Fig. 12 (left) ) then,
Now assume that p 0 p 7 is present (refer to Fig. 12 (right) ). Observe that if p 7 p 9 is absent then, δ(p 7 , p 9 ) ≥ |ρ(7, i, 9)| |p 7 p 9 | ≥ 1 + √ 3, where i ∈ {8, 10, 11}.
Thus, assume that p 7 p 9 is present. Similarly, assume that p 5 p 7 is present, otherwise
Now, as p 0 p 7 , p 5 p 7 and p 7 p 9 are present, deg(p 7 ) = 3. In this case, δ(p 7 , p 8 ) = |ρ (7, 9, 8) 
We have thus just shown that δ 0 (P, 3) ≥ 1 + √ 3. For n ≥ 14, we may assume that p 0 = (0, 0), p 3 = (1, 0), and let p i = (x + i, 0) for i = 13, . . . , n − 1, where x 1 (e.g., setting x = 100 suffices); finally, let S = P ∪ P , where P = {p 13 , . . . , p n−1 }. If u, v ∈ P ⊂ S, then going from u to v via P is inefficient, so as shown earlier in this proof, δ(u, v) ≥ 1 + √ 3. Thus, δ 0 (S, 3) ≥ 1 + √ 3, as required. Moreover, this lower bound is tight for both P and S; see Fig. 11 (right) .
Remark. If Λ is the infinite hexagonal lattice, it is shown in [21] that δ 0 (Λ, 3) = 1 + √ 3.
We now continue with degree 4 dilation. We first exhibit a point set P of n = 6 points with degree 4 dilation 1 + (5 − √ 5)/2, and then extend it so to achieve the same lower bound for any larger n. Consider the 6-element point set P = {p 0 , . . . , p 5 }, where p 1 , . . . , p 5 are the vertices of a regular pentagon centered at p 0 . The inequality is tight for the presented sets.
Proof. Assume that p 1 , . . . , p 5 lie on a circle of unit radius centered at p 0 . Since deg(p 0 ) ≤ 4, there exists a point p i , 1 ≤ i ≤ 5 such that p 0 p i is not present; we may assume that i = 1; see Fig. 13 . Observe that Thus, δ 0 (P, 4) ≥ 1 + (5 − √ 5)/2. As in the proof of Theorem 2, the aforesaid six points can be used to obtain the same lower bound for any n ≥ 6.
To see that the above lower bound is tight, consider the degree 4 geometric graph on P in Fig. 13 whose stretch factor is exactly that, due to the detour between p 0 , p 1 .
A lower bound on the dilation of the greedy triangulation
In this section, we present a lower bound on the worst case dilation of the greedy triangulation. Place four points at the vertices of a unit square U , and two other points in the exterior of U on the vertical line through the center of U and close to the lower and upper sides of U , as shown in Fig. 14 (left) . For any small ε > 0, the points can be placed so that the resulting stretch factor is at least δ(p 0 , p 3 ) ≥ 2 − ε. A modification of this idea gives a slightly better lower bound.
Theorem 4. For every n ≥ 6, there exists a set S of n points such that the stretch factor of the greedy triangulation of S is at least 2.0268. Problem 2. Does there exist a point set in the Euclidean plane that has degree 3 dilation greater than 1 + √ 3? Does there exist a point set in the Euclidean plane that has degree 4 dilation greater than 1 + (5 − √ 5)/2?
Finally in Section 4, we show that the stretch factor of the greedy triangulation is at least 2.0268, in the worst case. Perhaps this lower bound is not far from the truth. Using a computer program we have generated 1000 random uniformly distributed n-element point sets in a unit square for every n in the range 4 ≤ n ≤ 250, and computed the greedy triangulations and corresponding stretch factors. The highest stretch factor among these was only 1.97 (as attained for a 168-element point set), and so this suggests the following. Problem 3. Is the worst case stretch factor of the greedy triangulation attained by points in convex position?
Observe that the point set used in the lower bound construction in Theorem 4 is convex, so it is natural to ask: given a non-convex point set S and a greedy triangulation of S having stretch factor ∆, does there always exist a convex subset S ⊂ S such that the stretch factor of a greedy triangulation for S also equals ∆? The point set S = {p 1 , . . . , p 6 } illustrated in Fig. 15 shows that this is not the case. It is routine to verify that the stretch factor of the greedy triangulation of each convex subset S ⊂ S is at most 1.4753 . . . < ∆ = 1.4772 . . . 
